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Abstract 



Using techniques of non-abclian harmonic analysis, we construct explicit, non-zero 
cyclic derivations on the Fourier algebras of the ax + b group and the reduced Hcisenbcrg 
group, proving in particular that neither algebra is weakly amenable. Using the structure 
theory of Lie groups, we deduce that the Fourier algebras of semisimple Lie groups also 
support non-zero, cyclic derivations and are likewise not weakly amenable. Our results 
»~ complement earlier work of Johnson, Plymen and Forrest-Samei-Spronk, whose methods 

& ' do not directly apply to the examples considered here. 
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Background context and history 

The study of derivations from Banach algebras into Banach bimodules has a long history. 
In many cases, where the algebra consists of functions on some manifold or well-behaved 
£T} ■ subset of Euclidean space, and the target bimodule is symmetric, continuous derivations 

can be constructed as weighted averages of "usual" derivatives of functions. This leads to 
examples where the algebra does not admit any non-zero continuous 'point' derivations, yet 
admits a non-zero continuous derivation into some symmetric Banach bimodule; this is often 
a manifestation of some kind of vestigial analytic structure or Holder continuity of functions in 
the algebra. Commutative Banach algebras which admit no non-zero, continuous derivations 
into any symmetric Banach bimodule are said to be weakly amenable: the terminology was 
introduced by W. G. Bade, P. C. Curtis Jr. and H. G. Dales in [2], where they studied some 
key examples in detail. 

One natural class of function algebras not considered in [2] is the class of Fourier algebras 
of locally compact groups, first defined in full generality by P. Eymard in [4]. Fourier algebras 
never admit any non-zero, continuous point derivations: this follows from e.g. [U (4.11)]. 
Moreover, if G is a locally compact abelian group, its Fourier algebra A(G) is isomorphic 
via the classical Fourier transform to the convolution algebra L l (G), and so by results of 
B. E. Johnson it is amenable, hence weakly amenable ( [111 Proposition 8.2]). 

Now a recurring theme in abstract harmonic analysis, and the study of Fourier algebras in 
particular, is the hope that known results for LCA groups can be generalized in a natural way 
to the class of amenable groups. It was therefore something of a surprise when Johnson, in [12], 



constructed a non-zero bounded derivation from A(SOs(]R)) to its dual. Subsequently, using 
the structure theory of semisimple Lie algebras, R. J. Plymen observed [15] that Johnson's 
construction can be transferred to yield non-zero continuous derivations on A(G) for any non- 
abelian, compact, connected Lie group. This was extended further by B. E. Forrest, E. Samei 
and N. Spronk in [8], who showed using structure theory for compact groups that Plymen's 
result remains valid if one drops the word "Lie" . 

The non-compact, connected case has received relatively little attention. The articles 
[T5] and [8] ultimately rely on locating closed copies of S 03(H) or SU2(C) inside the group 
in question, and then transporting Johnson's derivation along the corresponding restriction 
homomorphism of Fourier algebras. Indeed, as far as the present authors are aware, all results 
to date which show that A(G) fails to be weakly amenable only work for those G containing 
compact, connected, non-abelian subgroups. This has left open several natural examples, 
such as the "real ax + b group" (to be defined precisely in Section 2]), or certain semisimple 
Lie groups such as SL2QR) and its covering groups. 

Precis of our results 

In this paper we construct explicit, non-zero, continuous derivations on the Fourier algebras 
of the real ax + b group (Section H|) and the reduced Heisenberg group (Section [5]), neither of 
which contain compact connected non-abelian subgroups. As with the example constructed 
in [12], our derivations are also cyclic, that is, they satisfy the identity D(a){b) = —D(b)(a) 
for all a and b in the algebra. Our approach is different to that of [8], and proceeds by 
exploiting orthogonality relations for coefficient functions of irreducible representations. To 
motivate our approach, we revisit Johnson's original construction in [12] and give a slightly 
different presentation of how the desired norm bounds can be obtained (Section [3]). It seems 
to have gone under-emphasised that the construction is very concrete and can be explained 
independently of other, harder results in [12]. 

It is crucial for our purposes that in both cases, one has an explicit description of the 
irreducible unitary representations of the group, and that these see enough of the left regular 
representation in some sense. Indeed, our original motivation for considering these cases was 
that their Fourier algebras admit convenient decompositions analogous to those of compact 
groups. For more general connected groups, we cannot expect to have such detailed knowledge 
of the unitary dual (and for non-Type I groups, we cannot hope for a well-behaved decompo- 
sition of the Fourier algebra in terms of irreducible representations). However, by combining 
our results for the ax + b group with some structure theory for connected Lie groups, we show 
that A(G) fails to be weakly amenable if G is a semisimple, connected Lie group. Further 
structure theory allows us to deduce that if G is a simply connected Lie group whose Fourier 
algebra is weakly amenable, then G must be solvable (and satisfy some extra conditions). 
Details are given in Section [6] 

In our final section, we discuss examples not covered by our work, and suggest a possible 
alternative approach using the Plancherel formulas for our two main examples. 

Acknowledgements 

The first author was supported by NSERC Discovery Grant 402153-2011. He thanks E. Samei 



and N. Spronk for several enlightening conversations over the years about the article |12j . 
and various contributors to the MathOverflow website for tolerating simple-minded questions 
about Lie groups and their structure theory. 

2 Preliminaries 

2.1 Weak and cyclic amenability for commutative Banach algebras 

We assume familiarity with the basic definitions and properties of Banach algebras and Banach 
modules over them. We say that a bimodule M over a given algebra A is symmetric if 
a ■ m = m ■ a for all a G A and m G M. If A is an algebra and M is an 74-bimodule, 
then a linear map D : A — > M is said to be a derivation if it satisfies the Leibniz identity 
D(ab) = a ■ D(b) + D(a) ■ b for all a,b G A. 

In the case where A is a Banach algebra and M = A* is its dual, we say that a derivation 
D : A — > A* is cyclic if it furthermore satisfies D(a)(b) = —D(b)(a) for all a, b G A. (Motivation 
for considering cyclic derivations lies beyond the scope of the present paper, but some idea is 
given by the results and remarks of [9].) 

The following definitions are due to Bade, Curtis and Dales [2] and Gr0nbaek [9]. We only 
give the definitions for commutative Banach algebras: for the appropriate generalizations to 
the non-commutative setting, the reader may consult the wider literature on weak and cyclic 
amenability. 

Definition 2.1. Let A be a commutative Banach algebra. We say that A is weakly amenable 
if there is no non-zero, continuous derivation from A to any symmetric Banach 74-bimodule. 
We say that A is cyclically amenable if there is no non-zero, continuous, cyclic derivation from 
A to A*. 

Remark 2.2. Clearly, weak amenability implies cyclic amenability. The converse is not true 
in general: any singly generated Banach algebra is cyclically amenable, as can be seen by 
looking at the values a continuous cyclic derivation must take on powers of the generator, 
while there are many examples of singly generated Banach algebras -even finite dimensional 
ones - that support bounded, non-zero point derivations, and hence are very far from being 
weakly amenable. 

The following well-known observations will be used in Sections [3] and [U see also Propo- 
sition 12.41 below. If A, B are commutative Banach algebras and 6 : A — > B is a continuous 
homomorphism with dense range, then continuous, non-zero derivations on B can be pulled 
back along 9 to give continuous, non-zero derivations on A. Consequently, if A is weakly 
amenable then so is B. Since cyclic derivations pull back to cyclic derivations, if A is cycli- 
cally amenable then so is B. 

2.2 Coefficient functions and the Fourier algebra 

To make the present paper more accessible to those whose background is in Banach algebras 
rather than abstract harmonic analysis, we use this subsection to review some background 
results and terminology. Our approach is heavily influenced by work of G. Arsac [I]; see also 
the master's thesis of C. Zwarich [16] for a good summary and exposition. 



We start in some generality. Let G be a locally compact group. A continuous unitary 
representation of G on % is a group homomorphism n of G into the group of unitary operators 
U{T-i) which is WOT-continuous, i.e. for every vector £ and r\ in T~i, the function 

£ % 77 : G -MC, g^(ir{g)^7i) 

is continuous. (For unitary representations, WOT-continuity is equivalent to SOT-continuity; 
the latter is often used instead in the definition.) We denote unitary equivalence of two repre- 
sentations 7T and g by ir ~ a. The collection of irreducible, continuous unitary representations 
modulo unitary equivalence is denoted by G. 

Functions of the form £ *,r rj, for vectors £ and r\ in "H, are called the coefficient functions 
of G associated with the representation n. Following [4], we denote by B(G) the set of all the 
coefficient functions of G. This is in fact a subalgebra of Cf,(G), known as the Fourier-Stieltjes 
algebra of G. Moreover we may identify B(G) with the dual Banach space of the full group 
C*-algebra C*(G). (The idea, briefly, is that a coefficient function £ * n rj may be identified 
with the functional a i-> (7r(a)£, rj)^.) Equipped with this norm and the algebra structure 
inherited from Cb(G), B(G) becomes a Banach algebra. 

Let A denote the left regular representation of G on L 2 (G). Eymard [H Ch. 3] showed that 
the || • ||B(G , )-closure of the algebra (Cc l~l B)(G) coincides with the closed subspace generated 
by coefficient functions associated to A. This closed subalgebra, denoted by A(G), is the 
Fourier algebra of G. In fact, every element of A(G) can be realized as a coefficient function 
asoociated to A, and we have 

IMU(G) = inf{||£|| 2 |M|2 : u = £ * A rj\. (2.1) 

In many sources, the Fourier algebra of G is defined to be the set of coefficient functions of A, 
and then shown to be an algebra using the "absorption' properties of A. (See [161 §4.1] for a 
quick exposition of this approach.) 

Remark 2.3. If G is a locally compact abelian group, one can identify A(G) and B(G) with 
the L 1 -algebra and the measure algebra, respectively, of G. 

Now let H be a closed subgroup of G, and let i* : Go(G) — > Cq{H) be the restriction 
homomorphism. It turns out that i* maps A(G) contractively onto A(H): this is originally 
due to C. Herz, but an approach using spaces of coefficient functions was given by G. Arsac pp. 
(A fairly self-contained account of Arsac's approach can be found in [16} §4].) Recalling our 
earlier remarks about derivations on Banach algebras, we therefore have the following well 
known result, whose proof we omit. 

Proposition 2.4. Let G be a locally compact group and H a closed subgroup. If A(H) is not 
weakly amenable, then A(G) is not weakly amenable. If A(H) is not cyclically amenable, then 
A(G) is not cyclically amenable. 

Spaces of coefficient functions associated to a fixed representation Proofs of the results 
stated here may be found in Arsac's thesis pTJ; see also [HI §3.5]. 

Let 7r be a continuous unitary representation of G on a Hilbert space 7i n . We define A n (G) 
to be the closed subspace of B(G) generated by the coefficient functions of G associated with 
7T, i.e. 

A^=Ihi llllB(G) {e*.r / :£,r / G^ 7r }. 



There is a natural quotient map of Banach spaces H^ % H n — > A^, where CB) denotes the 
projective tensor product of Banach spaces. (See [U th. 2.2].) Usually this map is not 
injective, but it will be if tv is irreducible (this follows by taking the adjoint of this map and 
using Schur's lemma). 

In general, A n (G) consists of all coefficient functions u that can be written in the form 

oo 
u — / ?n *7T *)«! 

j=l 
where £ n and r] n belong to H^ and Y^iL\ ll^illll 7 7i|| < °°- Moreover, for every it in A 7r (G), 

oo 

||w||b(g) = m ^{/. llCillll 7 /*!! : u represented as above}, 

and the infimum is attained. That is, given u G A^, we can always write it as an absolutely 
convergent sum u = Y^=i £n *tt r/n where Y^=i Un\\\\r)n\\ = \\u\\. 

An irreducible representation tx is called square-integrable if there is some nonzero square- 
integrable coefficient function associated to it. A representation it is square-integrable if and 
only if it is equivalent to a sub-representation of A, in which case A n (G) C A\(G) = A(G). It 
follows from the Peter-Weyl theorem that all irreducible representations of a compact group 
are square-integrable. Importantly for us, both the ax + b group and the reduced Heisenberg 
group also have in some sense "enough square-integrable representations" that techniques 
used in the compact case can be adapted to handle these two non-compact groups. 

2.3 The case of compact groups 

Although the focus of our paper is on certain non-compact groups, our approach is informed 
by properties of Fourier algebras of compact groups, which we now briefly review. When G is a 
compact group, A(G) = B(G), so A 7r (G) C A(G) for all continuous unitary representations n. 
Moreover there is an ^-direct sum decomposition of Banach spaces 

A(G) = 0A !r (G)^0K®K. (2.2) 

tt£<3 TreG 

The Schur orthogonality relations for coefficient functions of irreducible representations are as 
follows: given n,a € G and £1,771 G H n and £2, ??2 G 'Ha-, we have 

{0 if 7T 9^ a 

dim(vr) (£1, 6)W2, r?l) it tt = a 

3 Revisiting Johnson's result 

In this section, to reduce congested notation we will abbreviate SOs(R) and SU2(C) to SO (3) 
and SU(2) respectively. 

Johnson proves in |12t §7] that the Fourier algebra of SO(3) is not weakly amenable. In 
fact, he shows (Theorem 7.4, ibid.) that this algebra supports a non-zero cyclic derivation - 



that is, a derivation D from the algebra to its dual which is an antisymmetric when regarded 
as a bilinear form on the algebra. It is the concrete construction given in the proof of this 
result, rather than the general machinery developed in the rest of his paper, which forms the 
basis for our approach to the ax + b group and the reduced Heisenberg group. In this section 
we review his construction, giving a slightly different presentation of the ideas, which will 
generalize in a better way to non-compact groups. 

For technical reasons, we work not on SO(3) but on its double cover SU(2). Note that 
the covering map SU(2) — > SO(3) induces an isometric inclusion of algebras i : A(SO(3)) — >■ 
B(SU(2)) = A(SU(2)). Hence, to prove that neither A(SO(3)) nor A(SU(2)) are weakly 
amenable, it suffices to construct a bounded derivation D : A(SU(2)) — > A(SU(2))* and check 
that D{i{f)){i{g)) + for some f,g€ A(SO(3)). 

Given a well-behaved compact Riemannian manifold M, one naturally obtains derivations 
on C°°{M) by taking partial derivatives along some vector field. For compact Lie groups this 
can be done in a down-to-earth way. We consider the case G = SU(2) and, guided by the 
calculations of [121 §7], make the following definitions. For <p & K let 

e i<P/2 

e -i<j>/2 

and for p € SU(2), / € C 1 (SU(2)) let 

f(ps<t>) ~ f(p) 



d 
d<t>f(p) = -wzf{ps<j>) 



= lim 
0=0 *->° 



(The fact that the family (s^^gR generates a maximal torus of SU(2) is not directly needed, 
but in some senses underlies the estimates we use later.) Clearly 8$ defines a continuous 
derivation C 1 (SU(2)) -> C(SU(2)). Define A : C 1 (SU(2)) x C(SU(2)) ^ C by 



D b (f,g)= (d^f)gdfi. 

JSV{2) 

Then D\,, viewed as a linear map C 1 (SU(2)) — > C(SU(2))*, is a derivation. What is less 
obvious - and was proved, in effect, by Johnson - is that D\, satisfies the inequality 

|A(/)(s)I<C||/||aNIa (t) 

for all trigonometric polynomials / and g, and some constant C. (Here and in the rest of this 
section, we denote the norm on A(SU(2)) by ||-||a for sake of legibility.) From this it is routine 
to deduce that D\, extends to a bounded linear map D : A(SU(2)) — > A(SU(2))*; since A is 
a non-zero derivation, so is D. 

Johnson proves the inequality ([[]) using an auxiliary algebra A 7 (SU(2)), which consists 
of the convolution products of elements of A(G), and hence is only well-defined for compact 
groups. Since we have non-compact examples in mind we take a different approach, and 
consider directly the effect of dj, on coefficient functions of each n € SU(2). We find that 



d 



= ((d;o^v)(p) 

0=0 



where -DT is defined to be the operator J^s^ € B(H W ). In particular, d^ maps each 

coefficient space A 7r (SU(2)) to itself. Taking £-summable linear combinations of coefficient 
functions, and using the Schur orthogonality relations (|2.3p . we have the following: given 

7r,a E SU(2) and u € A 7r (SU(2)), u; G A CT (SU(2)), then 

(<9^«)u; d// = if 7r 9^ <r 

SU(2) 



SU(2) 



< dim(7r) ||ZJT||||u||a||^||a if 7r = u 



Therefore, since A(SU(2)) = Q) n A 7r (SU(2)) and complex conjugation of representations is a 
bijection of SU(2), we arrive at the inequality 



{d<f>f)gdfj, 

SU(2) 



- ( su ^sm) laf) ) ii/i|a||5||a for a11 f > 9 G Tri ^ su ( 2 ))- 



To finish off we only need to prove the following inequality: 

SUP 7r6SU(2) d[m ( 7T )~ 1 \\ D l II < °°- C 3 - 1 ) 

This calculation was done in \\2\ §7]: if we take the standard realization of SU(2), then s^ 
acts on C n+1 as a diagonal matrix with entries e m ^/ 2 , e *(™- 2 )</>/ 2 5 . . . ( e -m</>/2_ j^. f n ows that 
ll-DIII < dim(7r)/2 and we have the required uniform bound, completing the proof that D\, 
extends to a bounded derivation D : A(SU(2)) -)■ A(SU(2))*. 

Finally, let 7r be the standard representation of SO(3) on M 3 , and let £ be any vector in 
M 3 such that {D$£, f ) / 0. Then / = £ * n £ E A(SO(3)) and we find that 

£>(«(/))(*(/)) = ^<I>5£, 0(^,0^0 

so that i*D is a non-zero, bounded derivation from A(SO(3)*) to its dual, as required. 

Note that we only needed knowledge of the irreducible representations of SU(2) in order 
to get a suitable estimate on the norms of the operators DT. 

Remark 3.1. As remarked in |12} §7], the same method would work on any other compact 
connected Lie group G, provided that one can choose a suitable homomorphism s : K — > G 
for which DT := {d/d(p)7r(s ( j,)\ ( j, = o satisfies a bound analogous to (13. lj) . Plymen [15] observed 
that this proviso is always met for every non-abelian, compact, connected Lie group G. How- 
ever, inspection of his argument shows that it proceeds by locating a closed subgroup of G 
isomorphic to either SO(3) or SU(2), and so we may appeal instead to Proposition 12.41 This 
is, for instance, the approach taken in [8]. 

Remark 3.2 (An approach via the Plancherel formula). In [12] . the Fourier algebra of a 
compact group is considered as the collection of functions on the group whose "non-abelian 
Fourier series" converges absolutely. (This is the older point of view on the Fourier algebra, 
predating Eymard's paper.) More precisely, given a compact group G and / £ A(G), 

= £dim(7r)|k(/)(7r)||i 

ttGG 



where 7r : L {G) — > BiJ-L^) is the algebra homomorphism obtained by integrating the unitary 
representation ir : G — > U(H n ), and ||-||i denotes the trace-class norm. (Compare this with 
the identity (|2.'2p .) One also has the Plancherel formula 

</, 9)l*(G) = ^dim(^)Tr(7r(/)7r( 5 )*). 

TreG 

Now, in the case G = SU(2), it is easily verified that for any / G Trig(SU(2)) we have 
tt(^/) = 7r (/)(^I)*- Combining this with the Plancherel formula and the inequality (13. ip . 
one obtains an alternative proof of the desired inequality ([[]). We will return briefly to this 
theme at the end of the paper. 

4 The ax + b group 

How can we extend or adapt the argument of Section [3] to non-compact cases? There are two 
convenient features that we exploited when G is compact: we can decompose A(G) as a direct 
sum of coefficient spaces of irreducible representations; and coefficient functions of irreducible 
representations satisfy explicit orthogonality relations. Groups whose Fourier algebras have 
the first property are called AR-groups and it turns out that one can find connected, non- 
compact examples; the price one pays is that these examples are usually non-unimodular. 
For such groups there are generalized versions of the Schur orthogonality relations, although 
non-unimodularity means they are not as straightforward as in the compact case, as we shall 
see. 

One of the simplest examples of a non-compact, connected AR-group is the so-called "real 
ax + b group" . To be precise, we define it to be the group G of orientation-preserving affine 
transformations of R, i.e. 

g={(q J):aeiR;,6e: 

Here, Rl should be interpeted as "the positive part of the multiplicative group of the field R" , 
and it carries a natural Haar measure t~ 1 dt. 

The group G can be identified with the semidirect product R x R!j_ = {(&, a) : b G R, a G 
R+}, where R?j_ acts on R by multiplication. Recall that the left Haar measure of G is (up 
to a constant multiple) given by d//(a, b) = a~ 2 da db, where da and db both denote the Haar 
measure of R. The modular function of G is A(a, b) = -. 

Outline of our construction. For / a "suitable" function on G, the new function M a db f 

defined by 

1 df 
(M a 8 b f)(b, a) = -— a J-(b, a) (b G R, a G R* + ) 

2m ob 

will be well-defined and belong to Cq(G) n L X (G). If we now define a bilinear map D\, (on 
some suitable dense subalgebra of A(G)) by 

A (/,<?) := [ (M a d b f)(b,a)g(b,a) dfi(b,a) 
Jg 



then D\, satisfies the Leibniz identity, in the sense that 

D\,(fg,h) = D\,(g,hf) + D\ ) {f,gh) for f,g,h "suitable" functions on G. 

The operator M a <9& is chosen in such a way that 

\D\ > (v)(w)\ < |M|a(g)IIHIa(G) when v and w are "convenient"; 

this estimate will follow from the orthogonality relations for A 7r± . The orthogonality relations 
also show explicitly that D\, is not identically zero. Provided that "convenient" functions are 
"suitable" and are dense in A(G), we may then take the unique continuous extension of D\, 
to a bounded bilinear map D : A(G) x A(G) — > C. Finally we use continuity arguments to 
show that D satisfies the same identity as D\,, but this time for all functions in A(G) and not 
just the "suitable" ones. 

To make this outline into a proof, we need to replace "suitable" and "convenient" by 
precise conditions. In doing so, the product of convenient functions might not be convenient, 
in which case the last part of our task - showing that the continuous extension of D\, is still 
a derivation - is not as immediate as one might expect. We can get round this using the 
following lemma, which is stated in a general setting of Banach algebras and dense subspaces 
to show that the ideas involved are not limited to our particular example. 

Lemma 4.1 (Continuous extensions of derivations). Let A be a Banach algebra and let V be a 
dense linear subspace. Let B be a subspace of A that contains V and V ■ V = {fg: f,g& V}. 
Suppose that D\, : B X B — > C is a bilinear map with the following properties: 

(i) for each w G V, the linear maps D\,( , w) : B — > C and D\,(w, ) : B — > C are 

||-|| a- continuous; 

(ii) D b (fg,h) = D b (g,hf) + D b (f,gh) for all f,g,heB; 

(iii) there is a constant C such that \D\,(v,w)\ < C||z;|m|w||^4 for allv,w G V. 

Then there is a unique continuous linear map D : A — > A* which, when viewed as a bilinear 
form on A, agrees with D b onVxV. Moreover, 

D(b)(v) = D b (b, v) and D(v)(b) = D b (v, b) for all b € B and veV, 

and D is a derivation from A to A* . 

Proof. The existence and uniqueness of a continuous linear map D : A — > A* satisfying 

D(v,w) = D\,(v,w) for all v,w G V (*) 



follows from (iii) by standard functional analysis. Then, by (i) if w G V then D( ,w) and 

D\,( ,w) are ||-m-continuous maps agreeing on a ||-||A-dense subset of B, and hence they 

agree on all of B. Similarly, D(v, y) = D\,(v, y) for all v G V and y G B. 
Finally, to show D : A — > A* is a derivation, we must prove that 

D{ab){c) = D(b)(ca) + D(a)(bc) 

for all a, 6, c G A. Since V is dense in A, it suffices by continuity to prove this for all a, b, c G V. 
But since V + V • V C B and D agrees with D\, on the subset {B X V) U (V X B), the desired 



identity now follows from (ii) □ 

9 



To apply Lemma EL"T1 in the case of A(G), we need to choose an appropriate dense subspace 
on which the desired bounds can be verified. This requires us to consider coefficient functions 
of certain representations. 

4.1 Coefficient functions for the ax + b group 

It is well known that the irreducible unitary representations of G can be found by identifying 
it with R xi M^_ and using the Mackey machine for induced representations. It follows from this 
method that (up to unitary equivalence) there are exactly two infinite-dimensional irreducible 
representations in G, which we denote by n + and 7r_. These have various different realizations, 
and readers should beware that different standard sources for non-abelian harmonic analysis 
often differ in their choices. We follow the description used in J5|I13|. 

We realize both ir + and 7r_ as representations on the Hilbert space rl = L 2 (W*^,dt/t), as 
follows: 

n ± (b,a)Z(t):=e* 2 * m aat). (4.1) 

Then the coefficient functions of 7r + and 7r_ have the following explicit form: 

/•oo 

(£ **+ ri)(b, a) = / e- 2 * ibt t,{at)W)t- l dt, 
Jo 

/■oo 

(£ *«_ r,)(b, a) = / e 2 * M £(at)ri(t) t^dt (£, n € H). 

Jo 



(4.2) 



We denote the closed subspaces of A(G) generated by the coefficient functions of 7r + and 
7r_ to A 7r+ and A^ respectively, suppressing mention of G. 

Proposition 4.2 (Decomposition of A(G)). There is an l l -direct sum decomposition A(G) = 

-A-7r + ©i A 7r _ . 

A proof of this, using the Plancherel formula for G, is given in (131 Theoreme 4]. Since 
the Plancherel theorem itself is not entirely straightforward for this group, and is somewhat 
technical to prove, we provide an alternative argument in the appendix. 

Note that for £ and n in H, we have £ * n+ rj = £ * 7r „ rj, i.e. 7f+ and 7r_ are unitarily 
equivalent via the identity map from L 2 (M!j_) to L 2 (M.+). Thus, A n+ = A 7T _. To deal with 
sums of coefficient functions, it is useful to introduce the bounded linear maps 

* : U®U -> A n+ , $((®?j)=( * 7r+ n (4.3a) 

and 



^:U®rl^ K + =K_ , y(£® v )=£* ir _rj=-$(£®rj) (4.3b) 

Note that \P is a surjective quotient map, by definition. Since ir+ is irreducible, * is also 
injective, and hence a surjective isometry. The same is true for ^>. 

Coefficient functions of tt + and 7r_ can be expressed in terms of the classical Fourier 
transform on R. To avoid ambiguity we pause to fix some notational conventions. 
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Notation (Normalization for the Fourier transform on R). Elements of R will be denoted 
by Xb, where b G R and Xb( x ) = e 27rjbx , and we normalize Haar measure on R so that 
the correspondence b o Xb 1S measure-preserving. We then define the Fourier transform 
T : L 2 (R) — > L 2 (R) to be the unique unitary map that satisfies 

Hf){Xb) = f f{x)xW)dx for all / G (L 1 n L 2 )(R), b G R. 

(Our choice of normalization in the definition of J- follows the choices in [61 Chapter 4]. See 
the remarks following [HJ Coroll. 4.2.3] for further explanations.) 

Given £,77 G H and a G R?j_, let a £ G % be given by a £,(y) = £(«y); note that £ 1— >• a £ 
is an isometry on %, and so by Cauchy-Schwarz, a £r? G L 1 (K+,£~ 1 d£). So if we consider an 
operator K~ l defined formally by 

(K- l f)(t) = t- 1 f(t) (teR* + ) 

then K- l ( a £rj) G iM^^dt). Now let 1 : L X (R^) ->• L*(R) be the inclusion map, and regard 
J 7 as a map L X (R) -> C (R). Then 

(£ *^ + ?? )(6,a) = T{iK~ l Uri))(xb) and (£ *^_ 17) (6, a) = T(iK~ x \M\X-b) • (4.4) 

Definition 4.3. We say that a coefficient function in A„- + or A„-_ is convenient if it is generated 
by vectors in the subspace C 2 (R!j_) C %. That is, a coefficient function / is convenient if and 
only it can be written as / = £ *- K± r] for some £, ?] G C 2 (R+). Define C+ to be the subspace 
of A n+ generated by convenient coefficient functions associated to 7r + , define C_ analogously, 
and put C := C + + C_ C A(G). 

Since C 2 (R^_) is dense in H, every coefficient function in A„- ± can be approximated in 
norm by a convenient coefficient function in C± . Hence C± is a dense subspace of A 7r± , and 
since A(G) = A w+ ©1 A 7r _, it follows that C is a dense subspace of A(G). 

The formulas (I4.2p and the dominated convergence theorem show that each / G C is 



differentiable in the 6-direction. Moreover, if £,77 G C 2 (R^), a direct calculation yields the 
identity 

/>oo 

= ± / e^ 2 ^ w at £(ai)r/(i) t" 1 ^ 

= ±(A'e* 7r± r ? )(6,a). 



In more concise notation, using the maps ^ and ^ that were defined earlier, 

for all£,r/GC 2 (R;). (4.5) 



M a d b ¥(£ (g) 77) = *(AT£ ® 77) 



M a <9 6 tf (f (g) 77) = -W(K$ <g> 77) J 

(That is, \1/ and * intertwine the densely-defined operator M a db with the densely defined 
operators K ®I% and — K (g> /% respectively.) 
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Lemma 4.4 (Convenient functions behave well). M a db(C) CCC (AnL 1 )(G). 

Proof. By ([4.5|) . since K(Cg(R^_)) = C%(R + ), M a <9 fe takes convenient coefficient functions to 
convenient coefficient functions, and hence by linearity M a db(C) C C. This gives the first 
inclusion. 

For the second inclusion, it suffices to prove that convenient coefficient functions are 
integrable; and since C_ = C+, it is enough to consider the convenient coefficient functions 
associated to tt + . 

So, let £,77 G Cc(R+) and put / = £ *tt + 77. (The case of 7r_ is handled similarly). Recall 
from (|4.4p that 

/(M) = -F^-'u^Xxfe) (a e m;,6 G R). 



Since supp(£) and supp(?y) are compact subsets of (0, 00) and (a£v{t)) = £(g£)?/(£)> we see 
that a £jj = for all a outside some compact subset S C (0, 00). Hence supp(/) CKxS, 
It now suffices to show that sup a£ 5 ||/(-,a)||z,iR < 00. 

Observe that 

iK- l Ur) = a i{i)-i{K' 1 r)) 

and that both z(£) and z(-RT _1 ?y") both belong to C%(T3L). We now use the following properties 
of the Fourier transform on R: 

(i) if h G Cg(R) then h and ^(/j) are integrable; 

(ii) if <7i, (72, J^igi) and J r (g2) are all integrable, then (71^2 is integrable and T{gig2) = 

(hi) if 5 and 7"(#) are integrable, and a #(i) := g(at), then ll-^aSOH^g) = \\^(9)\\ L i(§,y 

(The last property can be verified by direct calculation, but it is also a special case of the 
general fact that continuous automorphisms of a locally compact group, in this case R, induce 
isometric automorphisms of its Fourier algebra.) Together, these properties imply that 



\\f(;a)\\ LiR =\m a z(0)*F(i(K- 1 l UJU1( 

< II^M£))ll L i ( i) II^W^))!!^!) = II^W0)ll L i ( i) m<K-\, niA{ 

This gives us the required uniform bound on L 1 -norms, and hence concludes the proof. □ 

Corollary 4.5 (A convenient algebra). Let B be the not-necessarily closed subalgebra of 
A(G) generated by the set of convenient coefficient functions. Then M a db(B) C (AnL 1 )(G) 

Proof. By linearity it is enough to prove that M a db(f) G (A (~lL 1 )(G) whenever / is a product 
of finitely many convenient coefficient functions. This follows by induction, using the product 
rule and the inclusions from Lemma 14.41 □ 



12 



4.2 Orthogonality relations and estimates for our derivation 

Consider the following densely denned, symmetric operator on %: 

Note that K _1 is also densely defined and symmetric, and is given by (i"iT -1 £)(£) = £ -1 £(i). 
We have already made use of K~ 1 in other calculations. 

Remark 4.6. K is the so-called Duflo-Moore operator for the representations tt + and 7r_. It 
is a special case of a more general construction due to Duflo and Moore in [3] (see also [5] 
for a more detailed look at this operator when G is the affine group of a locally compact, 
non-discrete field.) To keep our arguments self-contained, we will not rely on the results of 
[3] ; the ax + b group is sufficiently simple that it would take more effort to precisely translate 
those results into our setting, than to just carry out the necessary calculations directly. 

The following identities are special cases of known results. Since various treatements in 
the literature of the ax + b group may adopt different conventions/normalizations, and in some 
case work with different (but unitarily equivalent) representations, we give a full statement 
and proof of these identities for sake of completeness. 

Proposition 4.7 (Explicit orthogonality relations). Let ??i , ??2 , £i , £2 € C%(R+). Then 

(6 *n+ »/i,6 *n+ m)tf{G) = {m,vi)n(K~^(,i,K~2^ 2 ) H . (4.6a) 

(£1 *tt_ 771,6 *tt_ m)i^{G) = (V2,Vi)n(K~*£i,K-*&)n- (4.6b) 

(£1 *tt+ r?i, 6 *tt_ m)Li{G) = 0- (4.6c) 

Proof. We already know that convenient coefficient functions belong to (Co fl L X )(G), so 
certainly they belong to L 2 (G); thus the inner products on the left-hand sides of 1)4. 6aj) . 
(|4.6b|) and (|4.6c|) are all well-defined. 

We treat (j4.6aj) first. By (j4~4|) . and unitarity of J 7 , 



da 

72 



(£l*n + Vl,£,2*n+V2)L2{G) = / / 6 **+ VlQ>, «)6 *tt+ ^(&, «) db 

JR+ JR 

(^(K-^^ifff)), ^(K" 1 ^^)))^^ 
(^ _1 (a£ir?l), ^~ 1 (a6%))L 2 (R) 

But now, direct calculation shows this is equal to 



da 



J 

JR. 



da 
~aJ 



£,i(ab)r]i(b) &{ab)m( b ) » da 
6 b a 2 



72 m %2 (6) — db 

ab z a 



r 7?i (0)772 (0) — d6 

ao a 

(»72,m>w<^"5(fi),^"3(&))«, 
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where we used the change of variable o^|, and the fact that -£ is invariant under multipli- 
cation. This shows that (|4.6ap holds. The proof that (|4.6bp holds is similar and we omit the 
details. 

To prove that (|4.6cj) holds, consider the operators V± : % — >• L 2 (G), V±(rj)(b,a) = 
(77,7r ± (6,o)C±), where 

£+ = :, — r— and £- 



\K if 1 1?* \\K a&Wn 

It follows from the first two orthogonality relations that V+ and V_ are isometries, intertwining 
A with 7r + and 7r_ respectively. Thus V*V+ intertwines n + and 7r_, so equals by Schur's 
lemma. Hence 

(6 *n+ r/1,6 *tt_ ??2)l2(G) = (%( r ?2),%(m))i2(G) = 

as required. □ 

Remark 4.8. With some book-keeping, one can show that the orthogonality relations of our 
proposition hold in slightly greater generality: namely, whenever 771,772 G % and £1,^2 G 
dom(i("~2). Since we only needed orthogonality for convenient coefficient functions, we omit 
the details. 

Proposition 4.9 (The key estimate). Define a bilinear map A : C x C — >■ C fry 

A(/,fl) = y (M a d b f)gdfx = -^-j a^f(b,a)g(b,a)d^(b,a) . (4.7) 

ITien |A(/,<?)I < H/llA(G)lblU(G) /^ a// /, 5 G C. 

Proof. Let /, g G C. We may write / = A + /2 and 31 = 31 + 52 where /1, <7i G C+ and 

f2,92 e C_; moreover, ||/|| A (G) = II/iIIa(G) + ll/2|U(G) and llslU(G) = Hfl'illA(G) + 11^2 1| A (G) • 

Observe that by (|4.5p , the orthogonality relations in Proposition 14. 7\ and the fact that 
A-x + = A 1T _ , we have 

A(/i,Si) = (MaWO, sT) L2(G) = 
A(/ 2 ,<72) = (M a d b (f 2 ), 52-) L2(G) = 
Define the contractive linear map 

$ : umWm>H ^ c, $(t 1 ®m®&®m) = (6,6)(%,m)- 

and recall that *£><&$? :?{®'H®'H®?{—' A 7r+ A 7r _ is an isometric isomorphism. We claim 
that 

A(/l,52) ^ot^^K/l®*). 

Proof of claim. By linearity, it suffices to verify this in the special case when f\ and 52 are 
convenient coefficient functions (associated to 7r + and 7r_ respectively). So, suppose that 



/1 = ¥(& <8> 771) , g 2 = *(& ® 772) = *(6 ® 772) 
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for some £1,6,771,772 G C*(R* + ). Then g3]) and (ITOj) give 

D b (f 1 ,g 2 )= [ (MadbfJ&dfi 

Jg 

= (&, &)«<»&, m)« = $°(*®*)~ 1 (/i®S2), 

as required. This proves our claim. 
Arguing similarly, we also have 

A(/2,0l) = $o('^(g)^)~ 1 (/ 2 ®3 1 ). 

Hence, putting everything together, 

|A(/i + /2,<7i+52)| = |A(/i,52) + A(5i,/ 2 )| 

<IA(/i,^)! + IA(5i,/ 2 )| 

< II/iIIa(g)II52||a(g) + II5iIIa(g)II/2||a(g) 

< (II/iIIa(g) + II/2||a(g))(II5iIIa(g) + II#2||a(g)) 
= II/IIa(g)IIpIIa(g) 

and the proposition is proved. D 

We now have everything in place. 

Theorem 4.10. There is a continuous extension of A to a non-zero, bounded, cyclic deriva- 
tion D : A(£r) — > A(G)* . In particular, A(G) is not cyclically amenable, so is not weakly 
amenable. 

Proof. We first note that the bilinear map A : ^ x ^ — * ^ is not identically zero, since 



whenever £ € C^(R* + ). 

Let B be the algebra generated by the convenient coefficient functions. We wish to apply 
Lemma |4. II to the bilinear map A : C x C — )■ C, with A = A(G), V = C and B = B. Recall 
for sake of clarity that 

f fOO fOO flf 1 

A(/,<?) = / M a d b (f)gd» = - / / aMb, a)g(b,a) db— (f, 9 eB). 

** Gr 1/ 1/ —OO 

By Corollary 14.51 we have M a <9{>(£>) C (AnL 1 )(G). So we may extend A to a well-defined 
bilinear map B x B —> C, which is ||-||A(G)~ con ti nuous _ i n the second variable. (This is the 
place where we need M a <9fe to take convenient functions to integrable ones.) On the other 
hand, integrating by parts (which is justified, since M a db(B) C Cq(G)) we see that A is 
an anti-symmetric bilinear map on B x B; therefore it is also ||-||a(G) -continuous in the first 
variable. 



Thus conditions (i) and (ii) of Lemma 14. II hold. We already know by Proposition 14.91 that 
condition (iii) of that lemma holds. Applying the lemma, we see that D is a non-zero derivation 
A(G) — > A(G)*; it is a cyclic derivation, since A is antisymmetric bilinear form. □ 
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5 The reduced Heisenberg group 

We define the reduced Heisenberg group M r to be the set {(p, q, e 2md ) : p,q £l,9 e [0)1)}> 
with group multiplication defined as 

(p, Q, e 2me ) ■ (p', q', e 2m0 ') = (p + p',q + q', e 2-W) e *-<ZP')). (g 1} 

This is a 2-step nilpotent Lie group, with centre Z(M r ) = {(0,0, z): z £ T}. Haar measure is 
easily described: give T the normalized Haar measure dO, and K usual Lebesgue measure dp. 
Then the left Haar measure n of EL- is defined by d/i(p,q,e 2 ) = dpdqdO, which is a right 
Haar measure as well. 

To analyze the Fourier algebra of M r , the following representations play a key role 

Definition 5.1. Let n e Z\ {0}. The Schrodinger representation Sch n : H r — > U(L 2 (R)) is 
defined by 

Sch n (p,q,e 277ie )£(x) = e 27Tinq (- x+ ^e 27Tine £(-p + x). 

It is known that every Sch n is irreducible. 

As with the real ax + b group, we would like to decompose A(H r ) as a direct sum of 
coefficient spaces of integrable representations. This is not quite possible, as H r is not an 
AR-group. However, it turns out that a sufficiently large part of A(H r ) can be decomposed in 
this way - namely, the part generated by coefficient functions associated to the Schrodinger 
representations. This will be enough for us to carry out the same approach as in Section 14.21 

5.1 Coefficient functions associated to the Schrodinger representations 

Let n € Z \ {0}. Given f , r\ e L 2 (R), we note that 



£ *Sch n f] = £ *Sch_ n v 

As in Section^ it will be useful to write coefficient functions associated to Sch n in terms 
of the classical Fourier transform on K. Direct calculation shows that 

(Z*ScKV)(P,q,e 2me ) = e 2 ^ in0 F(_^rf))(nq), (5.2) 

where ( a Cj(t) '■= €{t — a), and T denotes the Fourier transform (with the same normalization 
used in Section H]). 

Proposition 5.2. Let n be a nonzero positive integer, and £,rj € C£°(M). Then £ *s c h„ V & 
L 2 (U r ), with 

lie*sch„^ii 2 = -neiiiiNi|. (5.3) 

n 
In particular, the representation Sch n is square-integrable. 

Proof. Fix p£l. Since J- : L 2 (]R) — > L 2 (R) is a unitary isomorphism, 
\T(_ P J En)(nq)\ 2 dq = - f \T(_ E £ f})(q)\ 2 dq 



~ [\aq-^)\ 2 \v(o + b\ 2 dq 
n J R 2 2 

~ I \i(q)\ 2 \v(q+P)\ 2 dq<^- 

n JR 
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Hence 

\e 2mnd F{_ P _Z P rj)(nq)\ 2 d9dqdp = - [ [ f |^( g )| 2 |r,( g + p)\ 2 d6 dqdp 

RJ[0,l) n JrJrJ[0,1) 

= - I [m\ 2 \v(q+p)\ 2 dqdp=±U\\l 
n JrJr n 

Putting these together yields Equation (|5.3p as required. D 

Proposition 5.3 (Explicit orthogonality relations). Let £1,^2; 7/1,772 G C£°(R), and m,n G 
Z\{0}. TTiera 

(Cl*7r„??l,6* 7 r„'72)i,2(G) = -(V2,Vl)u{£l,&)n- 
(6 *7r n ?7l ,6 *7r m m)tf{G) = °> whenever n ^ m. 

Proof. The first identity follows from Equation (|5.3|) and polarization. The second is proved 
in a similar way to Proposition 14.71 using the fact that these representations are irreducible, 
square-integrable and inequivalent. □ 

Let As c h(H T ,) denote the closed subspace of B(EL.) generated by the subspaces As c h n (IHI r ) 
for all n G Z \ {0}. It follows from Proposition 15.21 that © ^nez Sch n is a subrepresentation 
of the left regular representation A of H r , and so As c h(H r ) C A(H r ). Moreover, by Corollary 
3.13 and Theorem 3.18 of pQ (see also Proposition 3.5.18 in |16j). we can write As c h(EI r .) as 
an ^-direct sum © ^ neZ A Schn (M r ). 

Proposition 5.4. We have an i 1 -direct sum decomposition 

A(H r ) = A S c h (H r ) A(H r : T), 

where A(H r . : T) is the closed subspace of all functions in A(H r ) t/iai are constant on the 
subgroup {(0, 0, z) : z G T} =* T. 

Although this decomposition appears to be known to specialists, we were unable to locate 
an explicit statement of it in the literature. We therefore give a proof in the appendix, which 
uses general results from pQ but is otherwise self-contained. 

5.2 Constructing a cyclic derivation on A(H r ) 

Our approach is very similar to the one we used for the real ax + b group, and once again we 
use Lemma |4.H Let 

V = lin{£ * Schn 7/ : £,ri G C c °°(R),0 + n G Z} + (AnC c )(M r : T) , 

and let B denote the algebra generated by V. Let D\, : B x B —> C be defined as 

D,(f,g)= I i I -^f(x,y,e 2md )g(x,y,e 2me )dxdyd6. (5.4) 

JR JR JT otl 

The following lemma ensures that D\, is well-defined. 
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Lemma 5.5. dg(B) C B C (AnL 1 )(H r ), where dg denotes the operation of taking partial 
derivation with respect to 9. 

Proof. To show the first inclusion, it is enough to see that 5g(£ *s c h„ v) belongs to V for every 
nonzero integer n, and £, r\ £ C£°(R). Indeed, by the explicit formula for a matrix coefficient 
function, we have <%(£ *sch n rj) = 2mn(f; *s c h„ rj), since 

dett *Sch„ r,)(x,y,e^ ie ) = d e {e 2 ™ e F(„v_ ( zr})(nq)) = 2vrme 2 ™ 6 >(_ f £ |7j)(ng). 

For the second inclusion, one can show that V C L 1 (H r ), and then use the product rule. The 
argument is very similar to the proof of Lemma 14.41 an d we omit the details. □ 

Finally, we are ready for the main theorem of this section. 

Theorem 5.6. There is a continuous extension of D\> to a non-zero, bounded, cyclic derivation 
D : A(H r ) — s> A(H r )*. In particular, A(M r ) is not cyclically amenable, hence is not weakly 
amenable. 

Proof. We apply Lemma 14. II to A = A(IHL), and V and B defined as above. It is easy to see 
that, because of its definition, D\, satisfies the Leibniz identity on B. Also, D\, is nonzero, 
since 



A(C *Sch„ V » £ *Sch-„ v) = A(f *Sch„ V , £ *Sch, l v) 



2mn , 



n 



\V\ 



We now check that condition (i) of Lemma 14.11 is satisfied. This is very similar to the 
corresponding part of the proof of Theorem 14. lOt an analogous argument shows that D\, is 
an antisymmetric bilinear map, and since dg(B) C L 1 , D^ is ||-||a h -continuous in the second 
variable, hence it is also ||-||a h -continuous in the first variable. 

To check Condition (iii), first let v = £ *Sch„ V and w = £' *Sch m if- Then 



\D b (v,w)\ 




RJT 



0_ 
00 



2ni8^ 



v(x, y, e 2mti )w(x, y, e ZnM )dx dy d6 



d 

qq(£ *Sch„ V) , (f *Sch m V'))L*(W r ) 

\(2mn(£ * S ch„ rj) , (f *Sch_ m ^))i 2 (H r )l- 



Thus, | A(£ *Sch„ V , £,' *Sch m rf)\ = if n 7^ — m, and for the case of n = — m, we get 

\D b (v,w)\ = |A(£ *Sch n V>? *Sch_„V)l 
,2mn 



n 



■(WWiril 



< ^IICIIIIC'IIIMIII 7 /!! = 27t||?;||a||^||a. 

Thus Condition (iii) holds for coefficient functions in V. Identifying As c h n <S>As c h-„ with 
L 2 (BL)(g>L 2 (R)(g>>L 2 (R)£g)L 2 (IR), one can extend the above result for the case where the functions 
v and w are linear combinations of coefficient functions of Sch n and Sch m respectively. (This 



is similar to the argument in the proof of Proposition 14. 91 ) In addition, note that D(v, w) = 
if either »orio belongs to A(H r : T). 

Finally, let v = Y. n =-N v n and w = J2 m =-N w rn, where v ,w G (AnC )(W r : T), and v k 
and Wk are each finite combinations of coefficient functions associated with Sch^ respectively. 
Then, 



\ D \,(v,w)\ 



i=-N m=-N 

N N 

< Yl XI \ D b(v n ,W m )\ 
n=-N m=—N 

N N 

= ^ \D\,{v n ,W- n )\ + y^ \D\,(V-n,Wn)\ 
n=l n=l 

N N 

= ^27r||-y n || A ||'W-n||A + y^27r||t;_ n ||A|lwn| 



n=l n=l 

< 2-7T I y^ ikiia] ^2 ii^Ha 

\n=-N J \n=~N J 

= 27t||i;||a||^||a, 
where we used the ^-decomposition of ^(IHj.) obtained in Proposition 15.41 □ 

6 Application to Fourier algebras on other Lie groups 

By Proposition 12.41 and the results of the previous sections, if we wish to show A(G) is not 
cyclically amenable, it suffices to show that G contains a closed copy of any of the following 
groups: SU2(C), SOs(M), or the real ax + b group. In this section we will use structure 
theory for Lie groups to show that many connected Lie groups have closed copies of these key 
examples, and hence have Fourier algebras which are not cyclically amenable. 

Let us review some definitions and fix some terminology; our sources are [TO] for general 
background results in Lie theory, and [14] for the Iwasawa decomposition. Note that we are 
following the convention that "simply connected" means "trivial ttq and 7Ti". Some other 
authors use the terminology "connected and simply connected" for this property. 

Definition 6.1 (Semisimple Lie groups). Let G be a Lie group. The (solvable) radical of G, 
denoted by rad(G), is the largest solvable, connected subgroup of G. If rad(G) = {ec} then 
we say G is semisimple. 

The following standard result was mentioned in passing in Section [3l but we restate it for 
emphasis. 

Proposition 6.2. Every compact, connected, non-abelian Lie group contains either a closed 
copy o/S0 3 (M) or SU 2 (C). 
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An outline of the proof can be found in Plymen's note [15] . The key point is that the Lie 
algebra of such a group is a semisimple real Lie algebra, and basic structure theory for such 
algebras implies the existence of a subalgebra isomorphic to s^K). One then exponentiates 
this subalgebra and appeals to further results from Lie theory to show that the subgroup 
generated in this way is closed. 

The next result seems equally well known to specialists, but we were unable to locate an 
explicit statment in the literature. 

Proposition 6.3. Every non-compact semisimple Lie group contains a closed subgroup iso- 
morphic to the ax + b group. 

Our proof relies on the Iwasawa decomposition of such a group: see, for instance, [14] 
§VL4] It incorporates some suggestions communicated to the author by V. Protsak. 

Proof. Let G be such a group and let g be its Lie algebra. The Iwasawa decomposition of g 
exhibits it as a direct sum of subalgebras g = k © a © n, where a is abelian and n is nilpotent. 
Since G is not compact, the construction of the Iwasawa decomposition ensures we also have 
the following properties: 

(i) both a and n are non-zero; 

(ii) for each x S a, the operator ad x : g —?■ g is diagonalizable with real eigenvalues, and 
maps n to n. 

(See [141 Proposition 6.43 and Lemma 6.45] for details.) In particular, there exists u € a 
such that ad u : n — > n has eigenvalue 1. Let v be any corresponding eigenvector, and let 
h = Ru + M.v (this is in fact a direct sum, since u and v are linearly independent). Note 
thatup to isomorphism of Lie groups, the ax + b group is the unique simply connected Lie 
group with Lie algebra h. 

Let AN be the subgroup of G obtained by applying the exponential map exp G : g — > G to 
the subalgebra a © n. By the proof or construction of the Iwasawa decomposition (see e.g. [14] 
Theorem 6.46]), AN is a closed and simply connected subgroup of G; by standard Lie theory, 
the same is therefore true for any subgroup obtained by applying exp G to a subalgebra of a©n. 
So putting H = exp G (h) we see that H is a closed, simply connected, connected subgroup of 
G, whose Lie algebra is h; by the remarks of the previous paragraph, H is the desired copy 
of the ax + b group. □ 

What about Lie groups which are not semisimple? Here matters become more complicated 
if the fundamental group is non-trivial, since subalgebras of the Lie algebra of a group do not 
in general exponentiate to give closed subgroups. We therefore restrict attention to the simply 
connected setting, where the passage between Lie algebras and Lie groups works best. 

Proposition 6.4. Let G be a simply connected Lie group that is not solvable. Then G contains 
a closed subgroup isomorphic to SU2(C), S03(R) or the ax + b group. 

Proof. Let rad(G) be the largest normal solvable subgroup of G (the so-called solvable radical 
of G). Let g and r be the Lie algebras of G and rad(G) respectively. Then r is the largest 
solvable ideal in g, and it is a proper ideal since G is not solvable. The quotient Lie algebra 
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s := g/r is a semisimple Lie algebra, i.e. it has no non-zero solvable ideals. By Levi's theorem 
(e.g. [TOj, Thm 5.6.6]) there is a Lie subalgebra s C g such that g = r x s. Since G is 
simply connected, this decomposition can be exponentiated to an isomorphism of Lie groups 
G = rad(G) x S, where S is the unique simply connected Lie group with Lie algebra s. (See 
e.g. [141 §1.12].) Since s is a non-zero semisimple Lie algebra, S is a non-trivial, connected 
semisimple Lie group. The rest now follows from Propositions 16.21 and 16.31 □ 

We immediately obtain the final theorem of this section. 

Theorem 6.5. Let G be a simply connected Lie group such that A(G) is cyclically amenable. 
Then G is solvable, and contains no closed copy of the ax + b group. 

7 Closing remarks 

It has been conjectured that if G is a locally compact group, then A(G) is weakly amenable if 
and only if the connected component of the identity in G is abelian. (This was stated formally 
in [7] but it seems likely that it was asked informally on earlier occasions.) 

In particular, if G is a connected non-abelian Lie group, then its Fourier algebra should not 
be weakly amenable. Theorems [5?6] and [63] provide further supporting evidence for this weaker 
conjecture. Natural examples to try next are: the motion group of the plane, M? x SC>2(M), 
and its covering groups; and the "full" Heisenberg group. Both of these are Type I groups and 
so once can try to analyse their Fourier algebras in terms of their irreducible representations. 

We finish the paper with remarks on a possible alternative approach to our results. With 
hindsight, our calculations for the ax + b group and the reduced Heisenberg group can be 
interpreted in terms of the Plancherel formulas for those groups, since the key to both con- 
structions is an estimate of expressions of the form (df, g)L 2 (G) f° r some kind of "partial 
differentiation operator d" . 

For HL-, the Plancherel formula takes the form 

(/, <?>L 2(Hr ) = [ 2 E T fWg+ Y, H Tr(Sch n (/)Sch n ( 9 )*) 

Jr2 ngZ\{0} 

where E^ : L 2 (M r ) — > L 2 (M. 2 ) averages along the embedded copy of T. (We did not find 
this identity stated explicitly in the sources we consulted, but it can be proved by adapting 
the standard proofs of the Plancherel formula for the full Heisenberg group.) Taking this for 
granted, and using the same orthogonality techniques as in Section [5j some work shows that 

II/IIaom = p T /|| A ( R 3) + E MIIScM/)||i 

n£Z\{0} 

If dg is as defined in Section then by arguing as in Remark 13.21 one can show that 

|/ d e (f)g\ < 2vr ^ |?i| 2 ||Sch n (/)Sch n (g)*||i < 27r||/|| A{Hr) || 5 || A(Hr) 
Jmr nGZ\{0} 

provided / and g are sufficiently well-behaved, and then extending by continuity gives us the 
desired derivation. 
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There is also a Plancherel formula for the ax + b group, but because of non-unimodularity 
it has a more complicated form than one might expect from the compact case, and requires 
extra technical details, in particular the unbounded operator K that played a role in Section |U 
(See [5j [13] for details.) Nevertheless, if one glosses over caveats concerning the domains of 
validity of certain identities, a very similar argument can be used to give an alternative proof 
of Theorem ODJ 

For the two cases treated in this paper, coefficient functions seemed to provide a more 
direct and secure approach. On the other hand, the Plancherel perspective may be useful for 
other examples which do not have a large supply of square-integrable representations, and 
hence where an analysis in terms of coefficient functions of irreducible representations seems 
less promising. We intend to pursue this further in forthcoming work. 

A Decomposing Fourier algebras 

We give a proof of Proposition 14.21 that is independent of the calculations in [13j . 

Let G denote the ax + b group. Since 7r + and 7r_ are inequivalent square-integrable unitary 
representations of G, A 7r+ (G) © A 7r _(G) is an ^-direct sum inside A(G). (See Proposition 
3.12 and Corollary 3.13 of [T|, or [161 Proposition 3.5.18].) 

For a function / € L 2 (R), let /+ = /1r + where 1r, is the characteristic function of R+. 
Note that T{f){b) = T{f+){b) + 7"(/+)(-6), where f(x) = f{-x). Let L 2 (R+) denote the 
subset of L 2 (R) supported in R + . Then, 

lm{T(f),T(f):f£L 2 (R + )} 

is a dense subset of L 2 (R). Identifying L 2 (R x R^) with L 2 (R) <g> 2 L 2 (R+), we define the 
operators $, ^i and ^ 2 on G C (R+) (g> 2 G C (R+) to be 

$(f®i7)(6,a) = C(ab)7](b), 
tti(£®T/)(6,a) = T(0(b)v(a), 
* 2 (£®i7)(M) = T(0(-b) V (a). 

One can check that (^i o $)(£ ® K~ 1 rf) = £ * w+ i] and (\P 2 ° $)(£ ® K~ l rj) = £ * w _ r/, for 
compactly supported £ and rj. Note that the maps ^i and ^2 are homeomorphisms when 
considered as operators on L 2 (R) ® 2 L 2 (R^), and $ contains G C (R + ) ® G C (M^) in its range. 
So, by density of G C (R+) in L 2 (R + ), the linear span of the set 

{(*! o $ o (I® K- 1 ))^ ® V), (*2 $ o (/ ® A" 1 ))^ ® r?) : £,7? G G C (R+)} = {£*^ ±?? : £, 17 € G C (R+)} 

forms a dense subset of L 2 (R x R^_). We now use the orthogonality relations stated in 
Proposition 14.71 to show that the set defined above has a dense span inside A(G) as well. 
Indeed, 

(X(x)(^ * w+ 7]) , e *n + V') = (£**+ 7V+(x) V , £' * w+ rf) = (K~k, K-^(rr+(x)r,,rf) 
(\{x)(£* v _r,),?**-r/) = <£*._ *-{x)ri,1?* v _ rf) = (K~k , K~k')(^(^V,v') 
(Hx)(t*n + ri),?**-ri') = 0, 
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which finishes the proof. □ 

Next we give a proof of Proposition 15.41 

First note that A(H r : T)nAs c h(KL.) = {0} by the explicit formulae for coefficient functions 
given in Equation (fO|) . By Proposition 3.12 and Corollary 3.13 of Q], A Sch (EI r ) A(M r : T) 
is an ^-direct sum inside A(HL r ). Therefore it suffices to show this subspace is also dense in 
A(Hr). 

Since L 2 (R x R) ~ L 2 (R) (g> 2 L 2 (R), the linear span of the set {£ <g> r\ : £, r/ G C C (R)} forms 
a dense subset of L 2 (R x R). Fix a nonzero integer n, and consider the operators $, ^, and 
<p n on L 2 (M) <g> 2 L 2 (R) defined as 

<S>(Z®ri)(x,y) = £(y-|)r?(y + |), 

*(^®r/)(x,y) = £(x)F(r))(y), 
$n{£,®r}){x,y) = (£(g>r])(x,ny), 

where J- denotes the usual Fourier transform on R. Clearly, <1> and \I/ are isometric isomor- 
phisms, while (ft n is invertible. Thus, the set 

A n = {{4> n ofo$)(^^):^e C C (R)} 

has dense linear span in L 2 (R) (g> 2 L 2 (R). Moreover, since C C (R) (8) C C (R) is 1 1 ■ 1 1 2-dense in 
C C (R xl),we have 

(</>nO*o$)(£<g>7/)(a;,^) = 7® J r ($(^®??))(x,n?/) 

$(e®7?)(x,u;)e- 2 ™ yw (iw; 

J"(_|^|77)(ny). 
Define ^4 := {« (gi Xn : u € A n , Xn G T}. Observe that 

^4 = {£ *Sch„ r? : t rj G C C (R), 0/neZ}U L 2 (R xR)0 X o, 

and its linear span is dense in L 2 (M r ), since L 2 (M r ) ~ L 2 (R x R) (g) 2 L 2 (T). Clearly the set 
{/ *\S '■ fi9^ A} has a dense span in A (EL.) as well. Using the orthogonality relations stated 
in Proposition 15.31 we observe that 

(A(x)(£ * S ch n rj) , £' * Schn ?/} = (f *Sch n Sch n (x)r ? , £' * Schn ?/} 

= (Z,Z')(SzK{x)rurf) 
= (£, O ?7 *Sch_„ Vi 

whenever n^O, and (it <8> xo) *A (^' ® Xo) G A(EL- : T). It is easy to check that for every other 
choice of / and g in A, that is when they are associated with Xm and Xn where n ^ m, we 
have / * A g = 0. Therefore, £ x - o ^ nGZ A Schn (BI r ) ©i A(H r : T) is a dense subset of A(H r ), 
which finishes the proof. D 
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